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Abstract: The non-homogeneous ternary cubic Diophantine equation given by 
322 1253)53( zayxa  is 

considered. Different patterns of non-zero distinct integer solutions to the above equation are obtained  when 

a=1 and a=2. For each of there cases, a few interesting properties between the solutions and special numbers are 

presented. 
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1. INTRODUCTION: 

Integral solutions for the homogeneous or non-

homogeneous Diophantine cubic equation is an 

interesting concept as it can seen from [1-3]. In [4-10] 

a few special cases of cubic Diophantine  equation 

with four unknowns are studied.In [11-13] cubic 

equations with five unknowns are studied for their 

integral solutions.In[14,15] cubic equations with six 

unknowns are studied for their integral solutions.This 

communication concerns with yet another cubic 

Diophantine equation with three unknowns 

322 1253)53( zayxa  . A few relations 

among the solutions are presented. 

Notations: 

   -Polygonal number of rank n with size m. 

 
n

mP
   

- Pyramidal number of rank n with size m. 

    - Pronic number of rank n.  

 CPm,n  -Centered Pyramidal number of rank n with size m. 

 Kyn  -Keynea number of rank n. 

      - Pentagonal Pyramidal number of rank n.  

2. METHOD OF ANALYSIS: 

The Ternary cubic Diophantine equation given by 

322 1253)53( zayxa         (1)          The 

substitution  of the linear transformation  

x=X+3aT, y=X+(3a+5)T       (2)              in (1) 

leads to X
2
-3a(3a+5)T

2
=25z

3
       (3)    Assume  

0,,)53(3),,( 22   aaaz      (4)        Write 25 as 

    )53(3256)53(325625  aaaaaa    (5) Substituting (4)and 

(5)in (3)and employing the method of factorization, define                        
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    3)53(3)53(3256))53(3( TaaaaaTaaX             

 

Equating the rational and irrational parts on both sides, we get 

))53(9(2))53(33)(56(

))53(33)(53(6))53(9()56(

2332

3223









aaaaaT

aaaaaaaX
 

Substituting the value of X and T in (2), we get  

))53(33)(257536())53(9()1512(),,(

))53(33)(54(9))53(9()512(),,(

32223

3223









aaaaaaaay

aaaaaaaax
 (6) 

Thus (4) and (6) represent non-zero distinct integral solutions of (1). 

Properties: 

 )5(mod0),,(),,( Tayax      

 ),,(),,()53( 22 aayaxa    is a cubical integer   

 )5(mod0)1,,()1,,( Taaxaay   

 )1,2,1(3 z  is a cubical integer                 

To analyses the nature of solution one has to go in for particular values of a, in equation   (1).For the sake of 

simplicity and clear understanding we exhibit below the integer solution of (1) along with the properties for the 

cases a=1 and a=2.   

Case: 1                       

Let a=1, 

(3) becomes   
322 2524 zTX          (7) 

Assume 0,,24),( 22  z        (8) 

Illustration-1: 

Write 25 as )247()247(25          (9) 

Substituting (8) and (9) in (7) and employing the method of factorization, define  

3)24()247()24(   TX  

Equating  the rational and irrational parts on both sides, we get  
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3223

3223

1687221

576504727









T

X
 

Substituting the values of  X and T in (2,) we get  

3223

3223

1920108024015),(

108072013510),(









y

x
                           (10) 

Thus (8)and (10) represent non-zero distinct integral solutions of (1). 

Properties: 

 03000750)1,(15)1,(10 65   CPPxy  

 03004320),1(108),1(192 65   CPPyx  

 3750375)1,12(15)1,12(10   Kyxy  

 
2)1,1(z  is a 12

th
 centered octagonal number  

Illustration-2:    

Write 25 as )24211()24211(25    

Replacing the above process the non-zero distinct integral solutions of (1) are    

22

3223

3223

24),(

3264194440827),(

1944122424317),(













z

y

x

                  

 Properties:   

 
63000750)1,(27)1,(17  CPPPxy   

 5437527000)12,1(243)12,1(408   Kyyx  

 054000375),1(243),1(408 56   PCPyx   

  3750375)1,12(27)1,12(17   Kyxy                                                  

Illustration-3:  

Write 25 as )24525()24525(25    
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Replacing the above process as in illustration-1, the corresponding  non-zero distinct integral solutions of 

(1) are   

22

3223

3223

24),(

7680468096065),(

4680288058540),(













z

y

x

 

 

Properties:   

 )375(mod1913Pr375)1,(65)1,(40 5  Kyxy   

 5437527000)12,1(585)12,1(960   Kyyx  

 04320300),1(468),1(768 6   PPCPyx  

 )2335(mod4680Pr54580)1,(   PPx  

Case:2 

Let a=2 

(3) becomes   
322 2566 zTX          (11) 

Assume 0,,66),( 22  z        (12) 

Illustration-1: 

Write 25 as )66217()66217(25         (13) 

Substituting (12) and (13) in (11) and employing the method of factorization, define  

3)66()66217()66(   TX  

Equating  the rational and irrational parts on both sides, we get  

3223

3223

1122396512

8712336639617









T

X
 

Substituting the values of  X and T in (2,) we get  

3223

3223

21054772295739),(

15444574270229),(









y

x
     (14) 

Thus(14) and (12) represent non-zero distinct integral solutions of (1).  
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Properties:   

 
65 8250750)1,(39)1,(29  CPPxy   

 0148500375),1(702),1(957 6   PPCPyx  

 
3

2,32,3,32,3,3 )(Pr8250)(18000),(39),(29    Pttttxtty  

 0597),(702),(957 6

5   CPyx  

 069),(39),(29 6

5   CPxy  

Illustration-2:    

Write 25 as )66649()66649(25    

Replacing the above process the non-zero distinct integral solutions of (1) are    

22

3223

3223

66),(

61710227702805115),(

4554016830207085),(













z

y

x

                  

 Properties:   

 
65 8250700)1,(115)1,(85  CPPxy   

 14887574250)12,1(2070)12,1(2805   Kyyx  

 )375(mod8250Pr375)1,(115)1,(85   xy  

 0326700825),1(4544),1(6171 6   PPCPyx  

3. CONCLUSION: 

In this paper, we have presented four different 

patterns of non-zero distinct integer solutions of the 

cube Diophantine equation given by  

322 1253)53( zayxa  . To conclude, one 

may search for other patterns of solutions and their 

corresponding properties. 
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